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WEAK ZARISKI DECOMPOSITIONS AND LOG
TERMINAL MODELS FOR GENERALIZED POLARIZED
PAIRS
JINGJUN HAN AND ZHAN LI
Abstract. We show that the existence of a birational weak Zariski de-
composition for a pseudo-effective generalized polarized lc pair is equiv-
alent to the existence of a generalized polarized log terminal model.
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1. Introduction
Throughout the paper, we work over the complex numbers.
The minimal model conjecture is one of the main problems in birational
geometry.
Conjecture 1.1 (Minimal model conjecture). For a Q-factorial dlt pair
(X,B), if KX+B is pseudo-effective, then (X,B) has a log terminal model.
Conjecture 1.1 is known when dimX ≤ 4, [3,22], or when (X,B) is a
Q-factorial klt pair with a big boundary B, [8]. But when dimX ≥ 5,
Conjecture 1.1 is still widely open.
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Birkar related the minimal model conjecture to the existence of sections
for pseudo-effective adjoint divisors (i.e. the non-vanishing conjecture), [2–
4]. The minimal model conjecture is also related to the existence of Zariski
decompositions for adjoint divisors, [9], or even weaker, to the existence of
weak Zariski decompositions for adjoint divisors, [6]. The later means that
KX+B ≡ P +N where P is a nef divisor and N is an effective divisor. Note
that if KX + B is numerically equivalent to an effective divisor N , then it
automatically admits a weak Zariski decomposition with P = 0.
In [9], Birkar and Hu asked that if the existence of weak Zariski decom-
positions for adjoint pairs implies the minimal model conjecture. This is
our starting point of the current paper. However, it seems that the natural
setting of Birkar-Hu’s question lies in a larger category – the generalized
polarized pairs (g-pairs), and this observation leads to the analogous con-
jecture on the existence of minimal models for g-pairs (see Conjecture 1.2
below). A g-pair (X,B +M) consists of an “ordinary” log pair (X,B) plus
an auxiliary nef part M . A rudimentary model of such pairs had emerged
in [6,9] but the actual definition only appeared in [10] (although they came
from different sources: the former came from the weak Zariski decomposition
while the later came from the canonical bundle formula).
A pair (resp. g-pair) is said to be pseudo-effective if KX + B (resp.
KX +B +M) is pseudo-effective. We use “/Z” to denote a pair relative to
the variety Z, and the abbreviation “NQC” below stands for “nef Q-Cartier
combinations” (see Definition 2.13). Also see Definition 2.13 for the meaning
of a birational NQC weak Zariski decomposition. The NQC pairs are those
behave well in the Minimal Model Program (MMP). Hence we state the
following conjectures for such pairs.
Conjecture 1.2 (Minimal model conjecture for g-pairs). For a Q-factorial
NQC g-dlt pair (X/Z,B +M), if KX +B +M is pseudo-effective/Z, then
(X/Z,B +M) has a g-log terminal model/Z.
Conjecture 1.3 (Birational weak Zariski decomposition conjecture for g–
pairs). Let (X/Z,B +M) be a Q-factorial NQC g-dlt pair. If KX + B +
M is pseudo-effective/Z, then it admits a birational NQC weak Zariski
decomposition/Z.
Remark 1.4. By Proposition 5.1, Conjecture 1.2 implies Conjecture 1.3.
Under the NQC assumption, we can answer the aforementioned question
of Birkar-Hu in the generalized polarized categories.
Theorem 1.5. The birational weak Zariski decomposition conjecture for
g-pairs (Conjecture 1.3) is equivalent to the minimal model conjecture for
g-pairs (Conjecture 1.2).
Besides, for Conjecture 1.2, we show that it is a consequence of the ter-
mination conjecture for ordinary log pairs.
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Theorem 1.6. Assume the termination of flips for Q-factorial dlt pairs/Z,
then any pseudo-effective Q-factorial NQC g-dlt pair (X/Z,B +M) has a
g-log terminal model.
As for the termination of g-MMP, we show the following result.
Theorem 1.7. Assume the birational weak Zariski decomposition conjecture
(Conjecture 1.3). Let (X/Z,B +M) be a pseudo-effective Q-factorial NQC
g-dlt pair. Then any sequence of g-MMP on (KX +B +M) with scaling of
an ample divisor/Z terminates.
We briefly describe the idea of the proof of Theorem 1.5. The nontrivial
part is to show that Conjecture 1.3 implies Conjecture 1.2. Suppose that
KX + B +M ≡ P + N is a weak Zariski decomposition with P nef and
N ≥ 0. As it was pointed out in [9, §6], one only needs to consider the case
SuppN ⊆ Supp⌊B⌋. In this case, we run a special g-MMP on (KX+B+M)
with scaling of a divisor (not necessarily effective) such that the g-MMP is
N -negative and in each step, Ni + νiPi is nef, where
νi := inf{t ≥ 1 | Ni + tPi is nef}
is the nef threshold. Notice that once νi = 1, then KXi +Bi+Mi ≡ Pi+Ni
is nef, and we are done. Thus the idea is to decrease νi until it reaches 1.
In fact, as long as νi > 1, we can get a smaller νi+1. After this, we use the
special termination and the induction on dimensions to conclude that the
sequence {vi} cannot be infinite. The special termination still holds for this
setting (see Theorem 4.5) by an appropriate adaptation of the argument in
[5]. Finally, by putting these together, we can prove the result.
Remark 1.8. By different approaches, Hacon and Moraga independently
obtain some of the above results in certain general forms, [13]. They use
ideas from [2], while our proof is based on ideas in [4,5,9]. Furthermore,
our results are about boundaries with real coefficients, while results in [13]
require the boundaries with rational coefficients.
The paper is organized as following. In Section 2, we collect the relevant
definitions. In Section 3, we first elaborate on the MMP for g-pairs (g-MMP)
developed in [10], and then prove some standard results in this setting. We
also introduce the g-MMP with scaling of an NQC divisor. In Section 4, we
establish the special termination result for g-MMP with scaling. The proofs
of the theorems are given in Section 5.
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2. Preliminaries
2.1. Generalized polarized pairs.
Definition 2.1 (Generalized polarized pair). A generalized polarized pair
(g-pair) over Z consists of a normal variety X equipped with projective mor-
phisms
X˜
f−→ X → Z,
where f is birational and X˜ is normal, an R-boundary B ≥ 0 on X, and
an R-Cartier divisor M˜ on X˜ which is nef/Z such that KX + B + M is
R-Cartier, where M := f∗M˜ . We say that B is the boundary part and M is
the nef part.
For our convenience, when the base Z, the boundary part and the nef
part are clear from the context, we will just say that (X,B+M) is a g-pair.
Notice that, in contrast to [10], we denote the generalized polarized pair by
(X,B +M) instead of (X ′, B′ +M ′).
Let g : X ′ → X˜ be a birational morphism, such that X ′ → X is a log
resolution of (X,B). Let
KX′ +B
′ +M ′ = g∗(KX +B +M),
where M ′ = g∗M˜ . We say that (X ′, B′ +M ′) → X is a log resolution of
(X,B +M). By replacing (X˜, B˜ + M˜) with (X ′, B′ +M ′), we may assume
that X˜ → X is a log resolution of (X,B +M). In the same fashion, X˜
can be chosen as a sufficiently high model of X. In particular, if there
exists a variety Y birational to X, we can always assume that there exists
a morphism from X˜ to Y which commutes with X 99K Y .
Many definitions/notions for ordinary log pairs have counterparts for gen-
eralized polarized pairs. For convenience, we use the prefix “g-” to denote
the corresponding notions. For example, one can define the generalized log
discrepancy (g-log discrepancy) of a prime divisor E over X: let X˜ be a
high enough model which contains E, and let
KX˜ + B˜ + M˜ = f
∗(KX +B +M).
Then the g-log discrepancy of E is defined as (see [10] Definition 4.1)
a(E,X,B +M) = 1−multEB˜.
A g-lc place is a divisor E on a birational model of X, such that a(E;X,B+
M) = 0. A g-lc center is the image of a g-lc place, and the g-lc locus is the
union of all the g-lc centers.
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We say that (X,B + M) is generalized lc (g-lc) (resp. generalized klt
(g-klt)) if the g-log discrepancy of any prime divisor is ≥ 0 (resp. > 0).
Moreover, as M˜ is a nef divisor, if M is R-Cartier, by the negativity
lemma (see [16, Lemma 3.39]), f∗M = M˜ + E with E ≥ 0 an exceptional
divisor. In particular, this implies that if KX +B is R-Cartier, then the log
discrepancy of a divisor E with respect to (X,B) is greater than or equal
to the g-log discrepancy of E with respect to (X,B +M).
The definition of generalized dlt (g-dlt) is subtle.
Definition 2.2 (G-dlt). Let (X,B+M) be a g-pair. We say that (X,B+M)
is g-dlt if it is g-lc and there is a closed subset V ⊂ X (V can be equal to
X) such that
(1) X\V is smooth and B|X\V is a simple normal crossing divisor,
(2) if a(E,X,B+M) = 0, then the center of E satisfies CenterX(E) 6⊂ V
and CenterX(E)\V is a lc center of (X\V,B\V ).
Remark 2.3. If (X,B +M) is a Q-factorial dlt pair, then X is klt.
Our definition of g-dlt is slightly different from the definition in [7, page
13]. We will show that our definition of g-dlt is preserved under adjunctions
and running MMPs.
Remark 2.4. Another possible definition of g-dlt is as follows:
A g-pair (X,B +M) is g-dlt if there exists a log resolution π : X ′ → X
of (X,B +M), such that a(E,X,B +M) > 0 for every exceptional divisor
E ⊂ Y .
For the ordinary log pairs (i.e. M˜ = 0), the above two definitions are
equivalent (see [16, Theorem 2.44]). However, for g-pairs, it is not known
whether the two definitions are the same or not.
The adjunction formula for g-lc pairs is given in [10, Definition 4.7].
Definition 2.5 (Adjunction formula for g-pairs). Let (X/Z,B +M) be a
g-dlt pair with data X˜
f−→ X → Z and M˜ . Let S be a component of ⌊B⌋ and
S˜ its birational transform on X˜. We may assume that f is a log resolution
of (X,B +M). Write
KX˜ + B˜ + M˜ = f
∗(KX +B +M),
then
KS˜ +BS˜ +MS˜ := (KX˜ + B˜ + M˜)|S˜
where BS˜ = (B˜ − S˜)|S˜ and MS˜ = M˜ |S˜. Let g be the induced morphism
S˜ → S. Set BS = g∗BS˜ and MS = g∗MS˜. Then we get the equality
KS +BS +MS = (KX +B +M)|S ,
which is referred as generalized adjunction formula.
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Suppose that M˜ =
∑
µiM˜i, where M˜i is a nef/Z Cartier divisor for each i,
and B =
∑
bjBj the prime decomposition of the R-divisor B. Let b = {bj},
µ = {µi} be the coefficient sets. For a set of real numbers Γ, set
(1) S(Γ) := {1− 1
m
+
∑
j
rjγj
m
≤ 1 | m ∈ Z>0, rj ∈ Z≥0, γj ∈ Γ} ∪ {1}.
Then the coefficients of BS belong to the set S(b,µ) := S(b ∪ µ) (see [10,
Proposition 4.9]).
Lemma 2.6. Let (X/Z,B +M) be a g-dlt pair with data X˜
f−→ X → Z
and M˜ . Let S be a component of ⌊B⌋, and BS,MS be the divisors in the
g-adjunction formula (see Definition 2.5 ). Then (S,BS +MS) is still g-dlt.
Proof. We use the notation in Definition 2.5. Let V be the closed subset
V ⊂ X in Definition 2.2, and VS = V ∩ S. It is clear that S\VS is smooth
and B|S\VS is a simple normal crossing divisor.
If a(E,S,BS +MS) = 0, then CenterS˜(E) is a stratum of (S˜, B˜S˜), and
thus a stratum of (X˜, B˜). Let E′ be a g-lc place of (X,B +M), such that
CenterS˜(E) = CenterX˜(E
′). Since (X,B +M) is g-dlt, CenterX(E
′) 6⊂ V
and CenterX(E
′)\V is a lc center of (X\V,B\V ). Thus, CenterS(E)\VS is
a lc center of (S\VS , BS |S\VS ). 
Remark 2.7. In general, KS +BS may not be R-Cartier and thus (S,BS)
may not be dlt. In particular, (S,BS +MS) may not be g-dlt in the sense of
[7]. This is the main reason that we do not use the definition of g-dlt as [7].
The following proposition is similar to [11, Proposition 3.9.2].
Proposition 2.8. Let (X/Z,B+M) be a g-dlt pair with data X˜
f−→ X → Z
and M˜ . Suppose that M˜ =
∑
µiM˜i, where M˜i is a nef/Z Cartier divisor
for every i, and let B =
∑
bjBj be the prime decomposition of an R-divisor
B. Let V be a g-lc center of (X,B +M). Then there exists a g-dlt pair
(V,BV +MV ) such that
(KX +B +M)|V = KV +BV +MV ,
where MV is the push forward of M˜ |V˜ on V , and V˜ is the birational trans-
form of V on X˜. Moreover, the coefficients of BV belong to the set S(b,µ).
Proof. Let k be the codimension of V . By definition of g-dlt, V is an irre-
ducible component of V1∩V2∩. . .∩Vk for some Vi ⊆ ⌊B⌋. Under the notation
of (1), a straightforward computation shows that S(b,µ) = S(S(b,µ)) (for
example, see [12, Proposition 3.4.1]). Then the claim follows from applying
Lemma 2.6 k times. 
2.2. G-log minimal models and g-log terminal model. The notions
of log minimal/terminal models still make sense in the generalized polarized
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setting. Following Shokurov [20], certain extractions of g-lc places are al-
lowed for g-log minimal models. First, if f : X 99K Y is a birational map,
and B is an effective divisor on X, we define
(2) BY := f∗B + E,
where f∗B is the birational transform of B on Y , and E is the sum of reduced
exceptional divisors of f−1.
Definition 2.9 (G-log minimal model & g-log terminal model). Let (X/Z,B+
M) be a g-pair with data X˜ → X and nef part M . Then a g-pair (Y/Z,BY +
MY ) is called a g-log minimal model of (X/Z,B +M), if
(1) there is a birational map X 99K Y ,
(2) BY is the same as (2), and MY is the pushforward of M˜ (we can
always assume that there exists a morphism X˜ → Y ),
(3) KY +BY +MY is nef,
(4) (Y/Z,BY +MY ) is Q-factorial g-dlt with data X˜ → Y and nef part
MY ,
(5) a(D,X,B +M) < a(D,Y,BY +MY ) for any divisor D on X which
is exceptional over Y .
Furthermore, if X 99K Y is a birational contraction (i.e. there is no divisor
on Y which is exceptional over X), we say that (Y/Z,BY +MY ) is a g-log
terminal model of (X/Z,B +M).
Remark 2.10. Just as the case for log pairs, a g-log minimal model can
only extracts g-lc places. That is, a divisor E ⊂ Y is exceptional over X
satisfies a(E,X,B +M) = 0.
2.3. Weak Zariski Decompositions. On a normal variety X over Z (we
write this by X/Z), an R-Cartier divisor D is said to admit a weak Zariski
decomposition if
D ≡ N + P/Z,
with N ≥ 0 and P a nef/Z R-Cartier divisor (see [6, Definition 1.3]). Unlike
Zariski decompositions, weak Zariski decompositions may not be unique.
Definition 2.11. Let X/Z be a variety and D be a Cartier divisor. We say
that D admits a birational Zariski decomposition if there exists a birational
morphism f : Y → X from a normal variety Y , such that f∗D admits a
weak Zariski decomposition.
Notice that birational weak Zariski decomposition is called weak Zariski
decomposition in [6, Definition 1.3]. For a lc pair (X,∆), the non-vanishing
conjecture asserts that KX + ∆ ∼R N for some effective divisor N . This
implies that KX +∆ admits a weak Zariski decomposition by taking P = 0.
For (weak) Zariski decompositions, the most important case is when D
equals to the adjoint divisor KX +B (or KX +B+M). In the sequel, when
saying “existence a (weak) Zariski decomposition” without referring to a
divisor, it should be understood that the decomposition is for the adjoint
divisor.
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Remark 2.12. Zariski proved that on a smooth projective surface, an effec-
tive divisor D can be decomposed as a sum of a nef divisor and an effective
divisor with some extra properties, [24], which is known as the Zariski de-
composition. There are various generalizations to higher dimensions. See
[19] for more details. For an arbitrary divisor, it may not always admit a
weak Zariski decomposition, [18]. But for the adjoint divisor KX + B, the
existence of a weak Zariski decomposition is a consequence of the existence
of a minimal model, which is highly plausible.
2.4. Nef Q-Cartier combinations (NQC). We need a technical assump-
tion to guarantee that certain g-MMP on g-pairs behave as the ordinary log
pairs (see Section 3.2). Here the abbreviation “NQC” stands for “nef Q-
Cartier combinations”.
Definition 2.13. We have following definitions on decompositions of nef/Z
R-Cartier divisors in various settings.
(1) We say that an R-Cartier divisor M is NQC over Z, if
M ≡
∑
i
riMi/Z,
where ri ∈ R>0 and Mi are Q-Cartier nef/Z divisors.
(2) A g-pair (X/Z,B +M) with data X˜
f−→ X → Z and M˜ is said to be
an NQC g-pair, if M˜ is NQC.
(3) We define NQC g-lc, NQC g-klt, etc. if an NQC g-pair is g-lc, g-klt,
etc.
(4) We say that a g-pair (X/Z,B +M) admits a birational NQC weak
Zariski decomposition/Z, if there exists a birational morphism g :
Y → X/Z such that g∗(KX +B+M) ≡ P +N/Z, where N ≥ 0 and
P is NQC over Z.
We will avoid repeating “over Z” if the base Z is clear in the context. By
definition, the NQC property is preserved under g-MMPs and generalized
adjunctions.
The NQC assumption excludes the pathological phenomenon incurred by
the nef part. In [10], Birkar proved ACC for g-lc thresholds and Global
ACC for NQC pairs (though the name was not given there). In the current
paper, we need the g-lc pairs to be NQC in order to run some kind of special
g-MMPs.
In Proposition 5.1, we show that the existence of a g-log minimal model
for an NQC g-lc pair implies the existence of a birational NQC weak Zariski
decomposition for this g-pair.
3. MMP for generalized polarized pairs
3.1. MMP for generalized polarized pairs. For g-lc pairs, the cone
theorem, the existence of flips and the termination of flips are still expected
to hold true.
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Conjecture 3.1 (Cone theorem for g-lc pairs). Let (X,B +M) be a g-lc
pair. We have the following claims.
(1) There are countably many curves Cj ⊂ X such that 0 < −(KX +
B +M) · Cj ≤ 2 dimX, and
NE(X) = NE(X)(KX+B+M)≥0 +
∑
R≥0[Cj ].
(2) Let F ⊂ NE be a (KX +B+M)-negative extremal face. There there
a unique morphism contF : X → Y to a projective variety such that
(contF )∗OX = OY , and an irreducible curve C ⊂ X is mapped to a
point by contF if and only if [C] ∈ F .
(3) Let F and contF : X → Y be as in (2). Let L be a line bundle on X
such that L ·C = 0 for every curve C with [C] ∈ F . Then there is a
line bundle LY on Y such that L ≃ cont∗FLY .
Definition 3.2 (Flips for g-pairs). Let (X,B+M) be a g-lc pair. A (KX +
B +M)-flipping contraction is a proper birational morphism f : X → Y
such that Exc(f) has codimension at least two in X, −(KX + B +M) is
f -ample and the relative Picard group has rank ρ(X/Y ) = 1.
A g-lc pair (X+, B+ +M+) together with a proper birational morphism
f+ : X+ → Y is called a (KX +B +M)-flip of f if
(1) B+,M+ are the birational transforms of B,M on X+, respectively,
(2) KX+ +B
+ +M+ is f+-ample, and
(3) Exc(f+) has codimension at least two in X+.
For convenience, We call the induced birational map, X 99K X+, a (KX +
B +M)-flip.
Conjecture 3.3 (Existence of flips for g-lc pairs). For a g-lc pair, the flip
of a flipping contraction always exists.
Conjecture 3.4 (Termination of flips for g-lc pairs). There is no infinite
sequence of flips for g-lc pairs.
Although the MMP for g-pairs is not established in full generality, some
important cases could be derived from the standard MMP. We elaborate
these results which are developed in [10, §4].
Let (X/Z,B+M) be a Q-factorial g-lc pair, and A be a general ample/Z
divisor.
(⋆) Suppose that for any 0 < ǫ≪ 1, there exists a boundary
∆ǫ ∼R B +M + ǫA/Z, such that (X,∆ǫ) is klt.
Under the assumption (⋆), we can run a g-MMP/Z on (KX + B +M),
although the termination is not known. In fact, let R be an extremal ray/Z,
such that (KX+B+M)·R < 0. For 0 < ǫ≪ 1, we have (KX+B+M+ǫA)·
R < 0. By assumption, there exists ∆ǫ ∼R B+M+ǫA/Z, such that (X,∆ǫ)
is klt, and (KX +∆ǫ) ·R < 0. Now, R can be contracted and its flip exists if
the contraction is a flipping contraction. If we obtain a g-log minimal model
or a g-Mori fiber space, we stop the process. Otherwise, let X 99K Y be the
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divisorial contraction or the flip, then (Y,BY +MY ) is naturally a g-lc pair.
Moreover, for any 0 < ǫ ≪ 1, (Y,∆ǫ,Y ) is klt. Repeating this process gives
the g-MMP/Z.
The usual notion of g-MMP with scaling of the general divisor A also
makes sense under assumption (⋆) (see [10]).
The following lemma shows that assumption (⋆) is satisfied in two cases.
As a result, we may run a g-MMP for such g-pairs.
Lemma 3.5. Let (X/Z,B+M) be a g-lc pair, and A be an ample/Z divisor.
Suppose that either
(i) (X,B +M) is g-klt, or
(ii) there exists a boundary C, such that (X,C) is klt.
Then, there exists a boundary ∆ ∼R B +M + A/Z, such that (X,∆) is
klt.
Moreover, if X is Q-factorial, we may run a g-MMP on KX +B +M .
Proof. Suppose that (X,B +M) is g-klt. We have
KX˜ + B˜ + M˜ + f
∗(A) = f∗(KX +B +M +A),
where M˜ + f∗(A) is big and nef. Hence for k ∈ N, there exists an ample
divisor/Z Hk ≥ 0, and an effective divisor E, such that M˜ + f∗(A) ∼R
Hk +
1
kE. For general Hk and k ≫ 1, KX˜ + B˜ +Hk + 1kE is sub-klt. Let
∆ := f∗(B˜ +Hk +
1
k
E) ∼R B +M +A.
Since
KX˜ + B˜ + M˜ + f
∗(A) ∼R KX˜ + B˜ +Hk +
1
k
E,
we have
KX˜ + B˜ +Hk +
1
k
E = f∗(KX +∆),
and (X,∆) is klt.
Suppose that (ii) holds. By assumption, B +M − C is R-Cartier, and
there exists 0 < ǫ≪ 1, such that ǫ(B−C+M)+A/2 is ample. Let H be a
general ample divisor, such that ǫH ∼R ǫ(B−C+M)+A/2, and (X,C+H)
is klt. Thus (X, (ǫC + (1− ǫ)B) + (ǫH + (1− ǫ)M)) is g-klt with boundary
part ǫC + (1− ǫ)B and nef part ǫH + (1− ǫ)M . Besides,
KX + (ǫC + (1− ǫ)B) + (ǫH + (1− ǫ)M)
∼Rǫ(KX + C +H) + (1− ǫ)(KX +B +M)
∼RKX +B +M +A/2.
Apply (i) to (X, (ǫC+(1− ǫ)B)+(ǫH+(1− ǫ)M)) with A/2 we get (ii). 
Remark 3.6. As a simple corollary, suppose that X is Q-factorial klt and
(X/Z,B +M) is g-lc, then there are countably many extremal rays R/Z,
such that (KX +B +M) ·R < 0.
A g-MMP for a g-dlt pair preserves g-dltness.
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Lemma 3.7. Let (X/Z,B +M) be a Q-factorial g-dlt pair. Let g : X 99K
Y/Z be either a divisorial contraction of a (KX +B+M)-negative extremal
ray or a (KX +B +M)-flip. Let BY = g∗(B),MY = g∗(M), then (Y,BY +
MY ) is also Q-factorial g-dlt.
Proof. Fix a general ample/Z divisor H. As X is klt (see Remark 2.3), by
Lemma 3.5, there exist 0 < ǫ≪ 1 and ∆ǫ, such that ∆ǫ ∼R B+M+ǫH, and
(X,∆ǫ) is Q-factorial klt. Moreover, g is also either a divisorial contraction
of a (KX+∆ǫ)-negative extremal ray or a (KX+∆ǫ)-flip. By [16, Proposition
3.36, 3.37], Y is Q-factorial.
To show that the g-dltness is preserved, we use a similar argument as
[16, Lemma 3.44]. Let V be the closed subset V ⊂ X in Definition 2.2. When
g is a divisorial contraction, set VY = g(V ∪Exc(g)). ThenX\(V ∪Exc(g)) ≃
Y \VY , and thus Y \VY is smooth and B|Y \VY is a simple normal crossing
divisor. By the negativity lemma, for any divisor E, we have a(E,Y,BY +
MY ) ≥ a(E,X,B+M) ≥ 0, and a(E,Y,BY +MY ) > a(E,X,B+M) when
CenterX(E) ⊂ Exc(g) (see [16, Lemma 3.38]). When a(E,Y,BY +MY ) = 0,
we have a(E,X,B+M) = 0 and CenterX(E) 6⊂ Exc(g). Thus CenterX(E) 6⊂
V ∪ Exc(g) by the definition of g-dlt. Hence CenterY (E) 6⊂ VY . This shows
that (Y,BY +MY ) is g-dlt.
When g is a flip, let c1 : X → W/Z, c2 : Y → W/Z be the correspond-
ing contractions. Let L1, L2 be the contraction loci of c1, c2 respectively.
Set VX = V ∪ L1 ∪ c−11 (c2(L2)) and VY = c−12 (c1(V )) ∪ L2 ∪ c−12 (c1(L1)).
Then X\VX ≃ Y \VY , and thus Y \VY is smooth and B|Y \VY is a simple
normal crossing divisor. By the negativity lemma, for any divisor E, we
have a(E,Y,BY +MY ) ≥ a(E,X,B +M) ≥ 0, and a(E,Y,BY +MY ) >
a(E,X,B + M) when CenterX(E) ⊂ L1 or CenterY (E) ⊂ L2 (see [16,
Lemma 3.38, 3.44]). When a(E,Y,BY +MY ) = 0, we have a(E,X,B+M) =
0 and CenterY (E) 6⊂ L2 ∪ c−12 (c1(L1)). Besides, by the definition of g-dlt,
CenterX(E) 6⊂ V . Thus CenterY (E) 6⊂ VY . This shows that (Y,BY +MY )
is g-dlt. 
Let f : X → Y be a projective morphism of varieties and D be an
R-Cartier divisor on X, then D is called a very exceptional divisor of f
([21, Definition 3.2]) if (1) f(D) ( Y , and (2) for any prime divisor P on
Y there is a prime divisor Q on X which is not a component of D but
f(Q) = P . Notice that if f is birational, then any exceptional divisor is
very exceptional. The point is that the negativity lemma also holds for
very exceptional divisors ([5, Lemma 3.3]). The following Proposition is
an easy consequence of the negativity lemma, which is a generalization of
[5, Theorem 3.5] in the setting of g-lc pairs.
Proposition 3.8. Let (X/Z,B + M) be a g-lc pair with X klt such that
KX+B+M ≡ D1−D2, where D1 ≥ 0,D2 ≥ 0 have no common components.
Suppose that D1 is a very exceptional divisor over Z. Then any g-MMP/Z
on KX + B +M with scaling of an ample divisor/Z either terminates to
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a Mori fiber space or contracts D1 after finite steps. Moreover, if D2 = 0,
then the g-MMP terminates to a model Y such that KY +BY +MY ≡ 0/Z.
Proof. Let A be an ample/Z divisor, by Lemma 3.5, we can run a g-MMP/Z
with scaling of A. Let νi = inf{t ∈ R≥0 | KXi+Bi+Mi+ tAi is nef over Z}
be the nef threshold in each step of the scaling. Set µ = lim νi.
If µ > 0, then the g-MMP is also a g-MMP on KX + B +M + µA. By
Lemma 3.5, there exists a boundary ∆, such that KX + B +M + µA ∼R
KX+∆, and (X,∆) is klt with ∆ big. Then the (KX+∆)-MMP with scaling
terminates by [8, Corollary 1.4.2]. In this case, without loss of generality,
we can assume that KX +B +M is nef/Z.
If µ = 0, after finite steps, we can assume that the g-MMP only consists
of flips. Thus KX +B +M is a limit of movable/Z R-Cartier divisors.
In either case, for any prime divisor S on X, and a very general curve
C ⊂ S, we have (KX + B +M) · C = (D1 − D2) · C ≥ 0. Since D1 is a
very exceptional divisor over Z, by the negativity lemma ([5, Lemma 3.3]),
D2 −D1 ≥ 0, which implies that D1 = 0. Hence the g-MMP contracts D1
after finite steps. When D2 = 0, on a model Y such that D1 is contracted,
we have KY +BY +MY ≡ 0/Z. 
The proof of [10, Lemma 4.5] gives the existence of g-dlt modifications.
Proposition 3.9 (G-dlt modification [10, Lemma 4.5]). Let (X,B+M) be
a g-lc pair with data X˜
f−→ X → Z and M˜ . Then perhaps after replacing f
with a higher resolution, there exist a Q-factorial g-dlt pair (X ′, B′ +M ′)
with data X˜
g−→ X ′ → Z and M˜ , and a projective birational morphism
φ : X ′ → X such that KX′ +B′ +M ′ = φ∗(KX +B +M). Moreover, each
exceptional divisor of φ is a component of ⌊B′⌋. We call (X ′, B′ +M ′) a
g-dlt modification of (X,B +M).
Proof. We may assume that f is a log resolution of (X,B +M). Let Ei be
an irreducible exceptional divisor of f . We have
KX˜ + B˜ + E + M˜ = f
∗(KX +B +M) + E ≡ E/X,
where E =
∑
aiEi ≥ 0, and ai = a(Ei,X,B +M) is the g-log discrepancy.
We can run a g-MMP/X on (KX˜+B˜+E+M˜) with scaling of an ample divi-
sor. By Proposition 3.8, the g-MMP terminates to X ′, and E is contracted.
Thus KX′ +B
′ +M ′ = φ∗(KX +B +M). As (X˜, B˜ + E + M˜) is g-dlt, by
Lemma 3.7, (X ′, B′ +M ′) is also Q-factorial g-dlt. By the construction of
E, we see that each exceptional divisor of φ is a component of ⌊B′⌋ 
Although the MMP is expected to hold for g-pairs, abundance conjecture,
finite generations of canonical rings and non-vanishing conjecture all fail for
g-pairs (see [9, §3] for discussions). However, as for non-vanishing conjecture,
one can still ask under the numerical sense. In general, abundance conjecture
does not hold under the numerical sense.
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Example 3.10. Let X be P2 blown up 9 points in sufficiently general posi-
tions, M = −2KX . Then KX+M = −KX is nef, but there is no semiample
divisor N such that KX +M ≡ N , [1].
We ask the following question.
Conjecture 3.11 (Weak non-vanishing & weak abundance for g-pairs). Let
(X/Z,B +M) be a Q-factorial NQC g-dlt pair. Suppose that KX +B +M
is nef, then
(1) there exists an effective R-divisor N , such that KX +B +M ≡ N ,
(2) there exists 0 ≤ t ≤ 1, and a semi-ample R-divisor D, such that
KX +B + tM ≡ D.
3.2. Length of extremal rays. The bound on the length of extremal rays
also holds for g-pairs. Following [22, Definition 1], we define extremal curves.
Definition 3.12 (Extremal curve). An irreducible curve C on X/Z is called
extremal if it generates an extremal ray R = R+[C] of the Kleiman-Mori
cone NE(X/Z), and has the minimal degree for this ray (with respect to any
ample divisor).
By definition, there exists an ample/Z divisor H, such that
H · C = min{H · Γ | [Γ] ∈ R}.
We have the following result on the length of extremal rays. We thank
Chen Jiang for showing us the following simple proof.
Proposition 3.13 (The length of extremal rays for g-pairs). Let X be a
Q-factorial klt variety, and (X/Z,B + M) be a g-lc pair. Then for any
(KX +B+M)-negative extremal ray R/Z, there exists a curve C, such that
[C] ∈ R, and
0 < −(KX +B +M) · C ≤ 2 dimX.
Proof. Let C be any extremal curve such that [C] ∈ R. By definition, there
exists an ample/Z divisor H, such that
H · C = min{H · Γ | [Γ] ∈ R}.
By Lemma 3.5, for any 1 ≫ ǫ > 0, there exists a klt pair (X,∆ǫ) with
KX +∆ǫ ∼R KX +B +M + ǫH, such that R is also a (KX +∆ǫ)-negative
extremal ray. By Kawamata’s length of extremal rays, [14], there exists a
rational curve Γǫ, such that [Γǫ] ∈ R, and
0 < −(KX +B +M + ǫH) · Γǫ ≤ 2 dimX.
By the definition of extremal curve, we have H·CH·Γǫ ≤ 1, thus
−(KX +B +M + ǫH) · C = −((KX +B +M + ǫH) · Γǫ)(H · C
H · Γǫ )
≤ 2 dimX.
Let ǫ→ 0, we finish the proof. 
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3.3. Shokurov’s polytope. In this subsection, we have the following se-
tups. Let X be a Q-factorial klt variety, (X/Z,B + M) be an NQC g-lc
polarized pair with data X˜
f−→ X → Z and M˜ . Suppose M˜ = ∑µjM˜j ,
where M˜i is a nef Q-Cartier divisor and µi ≥ 0. Let Mj be the pushforward
of M˜j on X. Let B =
∑
biBi be the prime decomposition.
Consider the vector space
V := (⊕iRBi)⊕ (⊕jRMj).
If xi, yj ≥ 0, then (X/Z,
∑
i xiBi +
∑
j yjMj) is a g-pair with data X˜ → X
and a nef divisor
∑
j yjM˜j. Let ∆ =
∑
diBi, N =
∑
νjMj, and set the
Euclidean norm
||B +M −∆−N || = (
∑
i
(bi − di)2 +
∑
j
(µj − νj)2)1/2.
The set of NQC g-lc pairs
L(B,M) := {
∑
i
xiBi +
∑
j
yjMj ∈ V | (X,
∑
i
xiBi +
∑
j
yjMj) is g-lc }
is a rational polytope (may be unbounded). In fact, we may assume that
f : X˜ → X is a log resolution of (X/Z,B+M). Given any ∆+N ∈ V with
∆ ∈ (⊕iR≥0Bi) and N ∈ (⊕jR≥0Mj), if we write
KX˜ + ∆˜ + N˜ = f
∗(KX +∆+N),
then the coefficients of ∆˜ are rational affine linear functions of the coefficients
of ∆ and N . The g-lc condition is the same as that such coefficients are
chosen from [0, 1]. Hence these rational affine linear functions cut out a
rational polytope.
Lemma 3.14. Under the above notation. Let X be a Q-factorial klt variety,
and (X/Z,B +M) be an NQC g-lc pair.
(1) Then there exists a positive real number α > 0, such that for any
extremal curve Γ/Z, if (KX +B +M) · Γ > 0, then (KX +B +M) · Γ > α.
(2) There exists a positive number δ > 0, such that if ∆+N ∈ L(B,M),
||(∆−B) + (N −M)|| < δ, and (KX +∆+N) ·R ≤ 0 for an extremal ray
R/Z, then (KX +B +M) · R ≤ 0.
Proof. (1) Because L(B,M) is a rational polytope, there exist r,m ∈ N, aj ∈
R≥0 and Dj ∈ (⊕iQ≥0Bi), Nj ∈ (⊕jQ≥0Mj) such that
∑r
j=1 aj = 1,
(KX +B +M) =
r∑
j=1
aj(KX +Dj +Nj),
(X/Z,Dj+Nj) is NQC g-lc, andm(KX+Dj+Nj) is Cartier. By Proposition
3.13 and the definition of the extremal curve (see Definition 3.12), if (KX +
Dj + Nj) · Γ < 0, then (KX +Dj + Nj) · Γ ≥ −2 dimX. Hence, if (KX +
Dj + Nj) · Γ ≤ 1, then there are only finitely many possibilities for the
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intersection numbers (KX + Dj + Nj) · Γ. Therefore there are also finite
many intersection numbers for (KX +B +M) · Γ < 1, and the existence of
α is clear.
(2) Let B(B + M, 1) ⊂ V be a ball centered at B + M with radius 1.
Because L(B,M) is a rational polytope which may be unbounded, we choose
a bounded rational polytope L′(B,M) ⊃ L(B,M) ∩ B(B + M, 1). First,
choose δ < 1. Let ∆′ + N ′ be the intersection point of the line connecting
B+M and ∆+N on the boundary of L′(B,M), such that ∆+N lies inside
the interval between ∆′+N ′ and B+M (if this line lies on the boundary of
L′(B,M), we choose ∆′ + N ′ to be the furthest intersection point). There
exist r, s ∈ R≥0, such that r+ s = 1, and ∆+N = r(B +M) + s(∆′ +N ′).
Suppose that there is an extremal ray R/Z such that (KX +∆+N) ·R ≤ 0
and (KX +B +M) ·R > 0. Let Γ be an extremal curve of R. By (1) there
exists α > 0, such that (KX +B +M) · Γ > α. If
r >
2s dimX
α
, or equivalently r >
2 dimX
2 dimX + α
,
then by the proof of Proposition 3.13, we have
(KX +∆+N) · Γ =r(KX +B +M) · Γ + s(KX +∆′ +N ′) · Γ
>rα− 2s dimX > 0,
which is a contradiction.
From the above discussion, we can construct the desired δ as follows. Let
l > 0 be the minimal non-zero distance from B +M to the boundary of
L′(B,M). We choose 0 < δ ≪ 1 such that
l − δ
l
>
2 dimX
2 dimX + α
.
Then by the choice of l, we see that r = l
′−δ
l′ ≥ l−δl , where l′ is the distance
from B +M to ∆′ +N ′. This δ satisfies the requirement. 
Example 3.15. Without the NQC assumption, Lemma 3.14(1) no longer
holds true. Indeed, let E be a general elliptic curve, X = E×E. Fix a point
P ∈ E, consider the divisor classes f1 = [{P}×E], f2 = [E×{P}], δ = [∆],
where ∆ ⊂ E × E is the diagonal. According to [17, Lemma 1.5.4], N =
f1+
√
2f2+(
√
2−2)δ is nef. It is not hard to show that for any ǫ > 0, there
exists a curve C, such that N · C < ǫ (see [23]).
Let dim(⊕iRBi)⊕ (⊕jRMj) = d. For k ∈ Q, let
[0, k]d := [0, k]× · · · × [0, k] ⊂ Rd.
If {Rt}t∈T is a family of extremal rays of NE(X/Z), set
NT = {∆+N ∈ L(B,M) | (KX +∆+N) · Rt ≥ 0 ∀ t ∈ T}.
By the same argument as [4] (cf. the original proof in [22]), we have the
following result for NQC g-lc pairs.
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Proposition 3.16. Under the above notation. Let X be a Q-factorial klt
variety, and (X/Z,B +M) be an NQC g-lc pair. Then the set
NT ∩ [0, k]d
is a rational polytope for any k ∈ Q. In particular, if KX +B+M is nef/Z,
then there exist NQC g-lc pairs (X,Di +Ni) with nef part Ni and boundary
part Di, and ai ∈ R>0, such that
KX +B +M =
∑
i
ai(KX +Di +Ni)
with
∑
i ai = 1. Moreover, there exists m ∈ N, such that m(KX +Di +Ni)
is a nef/Z and Cartier divisor for each i.
Proof. By definition, NT ∩ [0, k]d is just
{∆+N ∈ L(B,M) ∩ [0, k]d | (KX +∆+N) ·Rt ≥ 0 ∀ t ∈ T},
and L(B,M) ∩ [0, k]d is a bounded rational polytope.
Since NT ∩ [0, k]d is compact, by Lemma 3.14(2), there are
(∆1 +N1), . . . , (∆n +Nn) ∈ NT ∩ [0, k]d,
and δ1, . . . , δn > 0, such that NT ∩ [0, k]d is covered by
Bi = {∆+N ∈ NT ∩ [0, k]d | ||∆+N − (∆i +Ni)|| < δi}, 1 ≤ i ≤ n.
Moreover, if ∆ +N ∈ Bi with (KX +∆+N) · Rt < 0 for some t ∈ T , then
(KX +∆i +Ni) · Rt = 0. Let
Ti = {t ∈ T | (KX +∆+N) · Rt < 0 for some ∆ +N ∈ Bi}.
Then, (KX +∆i +Ni) · Rt = 0 for each t ∈ Ti. Moreover, we have
NT ∩ [0, k]d =
n⋂
i=1
(NTi ∩ [0, k]d).
It suffices to show that NTi ∩ [0, k]d is a rational polytope.
By replacing T with Ti and ∆ + N with ∆i + Ni, we may assume that
there exists ∆+N such that (KX +∆+N) ·Rt = 0 for any t ∈ T . Because
{∆+N ∈ L(B,M) | (KX +∆+N) · Rt = 0 ∀ t ∈ T}
is a rational polytope, we can further assume that ∆+N is a rational point.
We do induction on dimensions of polytopes. If dim(L(B,M)∩ [0, k]d) =
1, then the statement is straightforward to verify. If dim(L(B,M)∩[0, k]d) >
1, let L1, . . . ,Lp be the proper faces of L(B,M) ∩ [0, k]d. By induction on
dimensions, N iT := NT ∩Li is a rational polytope. If ∆′+N ′ ∈ NT ∩ [0, k]d,
then there exists a line connecting with ∆′+N ′ and ∆+N which intersects
some Li on ∆′′+N ′′. Moreover, we can assume that ∆′+N ′ lies inside the
line segment between ∆+N and ∆′′+N ′′. Because (KX +∆+N) ·Rt = 0,
we have (KX′′ + ∆
′′ + N ′′) · Rt ≥ 0 for any t ∈ T . Thus ∆′′ + N ′′ ∈ N iT .
This shows that NT ∩ [0, k]d is the convex hull of ∆+N and all N iT , which
is also a rational polytope. 
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Let D be a divisor on X, we say that a divisorial/flipping contraction
f : X → Y is D-trivial, if for any contraction curve C, we have D · C = 0.
Lemma 3.17. Let (X/Z, (B+A)+M) be a Q-factorial NQC g-lc pair with
boundary part B+A and nef part M . Suppose that X is klt, (X/Z,B +M)
is g-lc and KX + B +M is nef. Then there exists δ0 > 0, such that for
any δ ∈ (0, δ0), any sequence of g-MMP/Z on (KX + B + δA + M) is
(KX +B +M)-trivial.
Proof. By Proposition 3.16, there exist NQC g-lc pairs (KX + B
′
k +M
′
k),
such that KX + B +M =
∑
ak(KX + B
′
k +M
′
k) with
∑
ak = 1, ak > 0.
Moreover, KX+B
′
k+M
′
k is a nef/Z Q-Cartier divisor for each k. Thus there
exists m ∈ N, such that m(KX +B′k +M ′k) is Cartier.
Let
α := min
k
{ak
m
} and δ0 = α
2 dimX + α
.
Choose δ ∈ (0, δ0), then for any extremal curve C of (KX + B +M + δA),
if (KX +B +M) ·C > 0, we have (KX +B +M) ·C ≥ α. By the length of
extremal rays (Proposition 3.13),
(KX +B +M + δA) · C
=δ(KX +B +M +A) · C + (1− δ)(KX +B +M) · C
≥− 2δ dimX + (1− δ)α > 0.
This is a contradiction. Thus, any (KX + B +M + δA)-flip or divisorial
contraction, f : X 99K Y/Z, is (KX + B +M)-trivial. As KX + B
′
k +M
′
k
is nef, f is also (KX +B
′
k +M
′
k)-trivial, and thus m(KY +B
′
Y,k +M
′
Y,k) :=
mf∗(KX +B
′
k+M
′
k) is nef and Cartier. We can repeat the above argument
on Y . This proves the claim. 
The dual of the above result is the following lemma.
Lemma 3.18. Let (X/Z,B + M) be a g-lc pair with X a Q-factorial klt
variety. Suppose that P is an NQC divisor/Z. Then for any β ≫ 1, any
sequence of g-MMP/Z on (KX +B +M + βP ) is P -trivial.
Proof. Since P is NQC, there exists α > 0, such that for any curve C/Z, if
P ·C 6= 0, then P ·C > α. Set d = dimX and choose β > 2dα . Suppose that
C is an extremal curve such that (KX +B+M + βP ) ·C < 0. If P ·C 6= 0,
then by the length of extremal rays (Proposition 3.13), we have
(KX +B +M + βP ) · C = (KX +B +M) · C + βP · C
≥ −2d+ β · α > 0.
This is a contradiction, and thus P · C = 0. Just as Lemma 3.17, by the
P -triviality, we can continue this process and α is independent of this g-
MMP. 
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3.4. G-MMP with scaling of an NQC divisor. In this subsection, we
will define a g-MMP with scaling of a divisor Q = E + P , where E is an
effective divisor and P is the pushforward of an NQC divisor. Notice that
P may not be an effective divisor. To emphasize this special property, we
coin the name “g-MMP with scaling of an NQC divisor”, although there
also exists an effective part (i.e. E) in Q.
Lemma 3.19. Let X be a Q-factorial klt variety, and (X/Z,B +M) be an
NQC g-lc pair with boundary part B and nef part M . Let E be an effective
divisor on X and P be a pushforward of an NQC divisor from a sufficiently
high model. Set Q = E+P . Suppose that (X/Z, (B+E)+(M +P )) is NQC
g-lc with boundary part B+E and nef partM+P , and KX+(B+E)+(M+P )
is nef/Z. Then, either KX + B +M is nef/Z, or there is an extremal ray
R/Z such that (KX +B +M) ·R < 0, (KX +B +M + νQ) ·R = 0, where
ν := inf{t ≥ 0|KX +B +M + tQ is nef/Z}.
In particular, KX +B +M + νQ is nef/Z,
Proof. Suppose that KX + B + M is not nef/Z. Let {Ri}i∈I be the set
of (KX + B +M)-negative extremal rays/Z, and Γi be an extremal curve
of Ri. As L(B,M) is a rational polytope, by Proposition 3.13, there are
r1, . . . , rs ∈ R>0 and m ∈ N, such that
−2 dimX ≤ (KX +B +M) · Γi =
s∑
j=1
rjni,j
m
< 0,
where −2m(dimX) ≤ ni,j ∈ Z. By Proposition 3.16, there are r′1, . . . , r′t ∈
R>0 and m ∈ N (after changing the above m by a sufficiently divisible
multiple), such that
(KX +B + E +M + P ) · Γi =
t∑
k=1
r′kn
′
i,k
m
,
where n′i,k ∈ Z≥0.
Since ni,j is bounded above, {ni,j} is a finite set, and so is {
∑
j rjni,j}.
Moreover,
∑
k r
′
kn
′
i,k belongs to a DCC set, where DCC stands for descending
chain condition. Let
νi :=
−(KX +B +M) · Γi
Q · Γi .
Thus,
1
νi
=
∑
k r
′
kn
′
i,k
−∑j rjni,j
+ 1
belongs to a DCC set. Hence there exists a maximal element ν = νs in the
set {νi}i∈I . Then,
(KX +B +M + νQ) · Γi ≥ 0
for any i ∈ I. For the extremal curve Γs, (KX +B +M + νQ) · Γs = 0. 
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Definition 3.20 (G-MMP with scaling of an NQC divisor). Under the same
assumptions and notation of Lemma 3.19, we define the g-MMP with scaling
of an NQC divisor as follows.
(1) If KX +B +M is nef/Z, we stop.
(2) If KX + B +M is not nef/Z, there exists an extremal ray R as in
Lemma 3.19. By Lemma 3.5, we can contract R.
• If the contraction is a Mori fiber space, we stop.
• If the contraction is a divisorial (resp. flipping) contraction, let
X 99K X1 be the corresponding contraction (resp. flip). Let (X1, B1+
M1+ νQ1) be the birational transform of (X,B+M + νQ). We can
continue the previous process on (X1, B1 +M1 + νQ1) in place of
(X,B +M +Q). In fact, by (X,B +M + νQ)-triviality, (X1, B1 +
M1 + νQ1) is nef/Z.
By doing this, we obtain a sequence (may be infinite) of varieties Xi and
corresponding nef thresholds νi := inf{t ≥ 0|KXi +Bi+Mi+ tQi is nef/Z}.
Remark 3.21. By definition, the nef thresholds νi ≥ νi+1 for each i.
3.5. Lifting the sequence of flips. We use the same notation as Section
3.4. Suppose that a sequence of g-MMP/Z with scaling of Q = E + P on
KX + B +M only consists of flips, Xi 99K Xi+1/Zi, where Xi → Zi is the
flipping contraction. Let h0 : (X
′
0/Z,B
′
0+M
′
0)→ X0 be a g-dlt modification
of (X0, B0 +M0) (see Proposition 3.9). Pick an ample/Z0 divisor H ≥ 0,
such that
KX0 +B0 +M0 +H ∼R 0/Z0,
and (X0, B0 + M0 + H) is g-lc. By Lemma 3.5, (X0,∆0) is klt for some
boundary ∆0 ∼R B0 +M0 + ǫH/Z0. According to the proof of Lemma 3.5,
we may choose ∆0 ≥ 0, such that h∗0(KX0 + ∆0) = KX′0 + ∆′0 for some
effective divisor ∆′0, and (X
′
0,∆
′
0) is klt. Now run an MMP/Z0 on KX′0 +∆
′
0
with scaling of h∗0(H). By [8, Corollary 1.4.2], the MMP terminates with a
log terminal model, X ′0 99K X
′
1. By construction, we have
(1− ǫ)(KX′
0
+B′0 +M
′
0) ∼R (1− ǫ)h∗0(KX0 +B0 +M0)
∼R h∗0(KX0 +B0 +M0 + ǫH)/Z0
∼R KX′
0
+∆′0/Z0.
Thus this MMP is also a g-MMP/Z0 on KX′
0
+ B′0 +M
′
0, and thus KX′1 +
B′1 +M
′
1 is nef/Z0. We define Q
′
0 = h
∗
0(Q0) as follows. Suppose that
W
p−→ X ′0 h0−→ X0
is a sufficiently high log resolution such that P0 = (h0 ◦ p)∗PW for an NQC
divisor PW on W . Then by the negativity lemma, PW + F = (h0 ◦ p)∗P0
with F ≥ 0. Set
(3) E′0 := h
∗
0E0 + p∗F and P
′
0 := p∗PW ,
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and
(4) Q′0 := E
′
0 + P
′
0 = h
∗
0(E0) + p∗(p
∗ ◦ h∗0(P0)) = h∗0(E0 + P0) = h∗0(Q0).
Because ρ(X0/Z0) = 1, Q0 ≡ aH/Z0 for some a > 0. Thus the g-MMP/Z0
X ′i 99K X
′
i+1 is also a g-MMP/Z0 on KX′0 +B
′
0 +M
′
0 with scaling of Q
′
0.
Because X0,X1 are isomorphic in codimension 1 and KX1 + B1 + M1
is ample/Z0, (X1, B1 + M1) is a g-log canonical model of (X0, B0 + M0)
over Z0 (here g-log canonical model means a g-log terminal model with
KX1+B1+M1 ample/Z0). Thus there exists a morphism h1 : X
′
1 → X1 such
that KX′
1
+B′1+M
′
1 = h
∗
1(KX1+B1+M1), which is also a g-dlt modification
of (X1, B1 +M1). We can continue the above process for X1,X
′
1, etc. in
places of X0,X
′
0, etc.
From the above, we have a sequence of g-MMP/Z on (KX′
0
+B′0+M
′
0) with
scaling of Q′0. The reason is as follows. A priori, the g-MMP X
′
i 99K X
′
i+1
with scaling of Q′0 is over Z0 rather than over Z. We denote this g-MMP/Z0
by
X ′i = Y0 99K Y1 99K · · · 99K Yk = X ′i+1,
and let ν ′j, 0 ≤ j ≤ k be the corresponding nef thresholds/Z0. By KX′i +
B′i +M
′
i + νiQ
′
i ≡ 0/Z0, we have ν ′j = νi for 0 ≤ j ≤ k − 1. Thus
ν ′j = inf{t | KYj +BYj +MYj + tQYj is nef over Z},
for 0 ≤ j ≤ k − 1. This shows that the g-MMP with scaling of Q′i is also
over Z.
By doing above, we lift the original g-MMP with scaling to a new g-MMP
with scaling. The advantage is that each (X ′i, B
′
i+M
′
i) becomes Q-factorial
and g-dlt.
4. Special termination for g-MMP with scaling
It is crucial to observe that some termination results still hold for g-MMP
with scaling of an NQC divisor. The following is a variation of [5, Theorem
1.9].
Theorem 4.1. Under the assumptions and notation of Definition 3.20.
Suppose that there is a g-MMP with scaling of Q. Let µ = limj→∞ νj .
If µ 6= νj for any j, and (X/Z, (B + µE) + (M + µP )) has a g-log minimal
model, then the g-MMP terminates.
This theorem is proved in several steps.
Proposition 4.2. Under the above notation, Theorem 4.1 holds if there is
a birational map φ : X 99K Y/Z between Q-factorial varieties satisfying:
(1) the induced map Xi 99K Y is isomorphic in codimension one for
every i,
(2) (Y/Z, (BY +µEY )+(MY+µPY )) is a g-log minimal model of (X/Z, (B+
µE) + (M + µP )),
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(3) there is a reduced divisor A ≥ 0 on X, whose components are mov-
able divisors and generate N1(X/Z),
(4) there exists ǫ > 0, such that (X/Z, (B +E+ ǫA)+ (M +P )) is g-dlt
with boundary part (B + E + ǫA) and nef part (M + P ),
(5) there exists δ > 0, such that (Y/Z, (BY +(µ+ δ)EY + ǫAY )+ (MY +
(µ+ δ)PY )) is g-dlt with boundary part (BY +(µ+ δ)EY + ǫAY ) and
nef part (MY + (µ + δ)PY )).
Proof. Suppose that the g-MMP does not terminate. Pick j ≫ 1, so that
νj−1 > νj . Then X 99K Xj is a partial g-MMP/Z on KX +B+M + νj−1Q.
It is also a partial g-MMP/Z on KX +B+M + νj−1Q+ ǫA after replacing
ǫ with a smaller number. In particular, (Xj/Z, (Bj + ǫAj)+Mj + νj−1Q) is
Q-factorial g-dlt, where Aj is the birational transform of A on Xj . As j ≫ 1,
after reindexing, we may assume that the g-MMP only consists of flips/Z
starting with (X1/Z,B1 +M1) = (X/Z,B +M). Moreover, by replacing
B +M with B +M + µQ, we may assume that µ = 0.
Possibly by choosing a smaller ǫ again, by Lemma 3.17, we may assume
that any sequence of g-MMP/Z on (KXj + (Bj + νj−1Ej + ǫAj) + (Mj +
νj−1Pj)) is a sequence of (KXj + (Bj + νj−1Ej) + (Mj + νj−1Pj))-flop. By
assumption,KXj+(Bj+νj−1Ej+ǫAj)+(Mj+νj−1Pj) is a limit of movable/Z
R-divisors. Since the components of Aj generate N1(Xj/Z), there exists a
general ample/Z divisor H and an effective divisor H ′ < Aj, such that
Aj ∼R H +H ′, and (Xj/Z, (Bj + νj−1Ej + ǫH ′ + ǫH) + (Mj + νj−1Pj)) is
g-dlt. By Lemma 3.5, there exists a klt pair (Xj ,∆j) such that
KXj +∆j ∼R KXj + (Bj + νj−1Ej + ǫH ′ + ǫH) + (Mj + νj−1Pj).
By [8], we may run an MMP/Z with scaling of an ample divisor onKXj+∆j,
which is the same as an MMP/Z on (KXj + (Bj + νj−1Ej + ǫAj) + (Mj +
νj−1Pj)). It terminates with a g-log minimal model (T/Z, (BT + νj−1ET +
ǫAT ) + (MT + νj−1PT )). Notice that Xj , T are isomorphic in codimension
1, and (KT + (BT + νj−1ET ) + (MT + νj−1PT )) is nef/Z. Again, since the
components of AT generate N
1(T/Z), we can choose 0 < DT ≤ AT such that
KT+BT+MT +νj−1QT+ǫDT is ample. Moreover, KT+BT+MT +νj−1QT
is nef/Z by the choice of ǫ.
For the same reason, possibly by choosing smaller νj and ǫ, we can run a
g-MMP/Z on (KY + BY +MY + νj−1QY + ǫDY ) with scaling of an ample
divisor, and get a g-log minimal model, (Y ′, BY ′ +MY ′ + νj−1QY ′ + ǫDY ′),
such that both KY ′ + BY ′ +MY ′ + νj−1QY ′ + ǫDY ′ and KY ′ +BY ′ +MY ′
are nef (see Lemma 3.17). Because Y, Y ′ are Q-factorial varieties which are
isomorphic in codimension 1 and KT+BT+MT+νj−1QT+ǫDT is ample/Z,
we have Y ′ = T . Hence, both
KT +BT +MT + νj−1QT and KT +BT +MT
are nef/Z. By νj−1 > νj > µ = 0, KT +BT +MT + νjQT is nef/Z
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Let r : U → Xj , s : U → T be a common log resolution. By the negativity
lemma, we have
r∗(KXj +Bj +Mj) >s
∗(KT +BT +MT ),
r∗(KXj +Bj +Mj + νj−1Qj) =s
∗(KT +BT +MT + νj−1QT ),
r∗(KXj +Bj +Mj + νjQj) =s
∗(KT +BT +MT + νjQT ).
This is a contradiction. 
Proof of Theorem 4.1. Let (Y/Z, (BY + µEY ) + (MY + µPY )) be the g-log
minimal model of (X/Z, (B + µE) + (M + µP )) with corresponding map
φ : X 99K Y . As in Proposition 4.2, we may assume that µ = 0, and
the g-MMP/Z only consists of flips, Xi 99K Xi+1. Because there are finite
many g-lc centers, we can assume that no g-lc centers are contracted in the
sequence. Moreover, choose νi−1 > νi, then for any birational morphism
f : W → Xi, we can write
(5) f∗Qi = f
∗(Ei + Pi) = E˜i + PW,i +ΘW,i,
with E˜i the birational transform of Ei. The meanings of PW,i,ΘW,i are
as follows (cf. (3)). By definition, we can assume that Pi = q∗P
′ where
q :W ′ → Xi is a sufficiently high model and P ′ is an NQC divisor. By taking
a common log resolution, we can assume that there also exists a morphism
p : W ′ → W . Then we set PW,i = p∗P ′. By Ei ≥ 0 and the negativity
lemma, ΘW,i ≥ 0 is a f -exceptional divisor. By (Xi, Bi +Mi + νi−1Qi) is
g-lc, there is no g-lc place of (Xi, Bi + Mi + νiQi) which is contained in
SuppΘW,i. We can replace (X/Z,B+M) with (Xi/Z,Bi+Mi) and Q with
νiQi.
Step 1. Let f : W → X and g : W → Y be a sufficiently high common
log resolution of (X/Z, (B+E)+ (M +P )) and (Y/Z,BY +MY +QY ). We
have
F := f∗(KX +B +M)− g∗(KY +BY +MY ), and
F ′ := KW +BW +MW − f∗(KX +B +M),
(6)
where BW is defined as (2). Then F,F
′ are effective exceptional divisors
over Y,X respectively. By the definition of g-log minimal model, F ′ is also
exceptional over Y .
Let EW be the birational transform of E on W , and PW be the nef/Z
divisor corresponding to P on W . Set QW = PW + EW . We have
KW +BW +MW ≡ F + F ′/Y.(7)
By Proposition 3.8, we can run a g-MMP/Y on (KW + BW +MW ) with
scaling of an ample divisor, and it terminates with a model Y ′, such that
F+F ′ is contracted. Thus (Y ′, BY ′+MY ′) is a g-dlt modification of (Y,BY +
MY ).
Step 2. We prove that φ : X 99K Y does not contract any divisor. Other-
wise, let D be a prime divisor on X which is contracted by φ, and DW be the
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birational transform of D onW . Since a(D,X,B+M) < a(D,Y,BY +MY ),
DW is a component of F . In Step 1, the g-MMP/Y on (KW +BW +MW )
contracts DW . We will get a contradiction as follows. Let νi be sufficiently
small so that W 99K Y ′ is a partial g-MMP/Z on KW +BW +MW + νiQW .
Since (X/Z,B +M + νiQ) is g-lc,
KW +BW +MW + νiQW − f∗(KX +B +M + νiQ)
is effective and exceptional over X. On the other hand, X 99K Xi is a partial
g-MMP/Z on (KX +B +M + νiQ), we have
f∗(KX +B +M + νiQ) ≥ N,
where
N = p∗q
∗(KXi +Bi +Mi + νiQi)
for some common log resolution p : W ′ → W, q : W ′ → Xi. Since KXi +
Bi +Mi + νiQi is nef/Z, N is a pushforward of a nef divisor. In particular,
N is a limit of movable/Z divisors. We have
KW +BW +MW + νiQW = N +G,
where G ≥ 0 is exceptional over X. Here we use the fact that X and Xi
are isomorphic in codimension one. Since G is exceptional/X, DW is not a
component of G. For the g-MMP in Step 1, if DW were contracted by an
extremal contraction of a curve C, we have (KW+BW+MW+νiQW )·C < 0.
But N · C ≥ 0 and G · C ≥ 0. Thus DW cannot be contracted. This is a
contradiction.
Step 3. From W , we construct a g-dlt modification of (X,B +M). Let
F ′′ := KW + (BW +EW ) + (MW + PW )− f∗(KX + (B + E) + (M + P )),
which is effective and exceptional over X. We run a g-MMP/X on KW +
(BW +EW ) + (MW + PW ) which terminates with a model h : X
′ → X and
contracts F ′′. This h is a g-dlt modification of (X, (B+E)+ (M +P )). Let
KX′ + (B
′ + E′) + (M ′ + P ′) = h∗(KX + (B + E) + (M + P )),
where E′ is the strict transform of E and P ′ is the pushforward of PW . By
assumption (see the paragraph before Step 1) that for
Q′ := h∗(E + P ) = E′ + P ′ +Θ′
as in (5), there is no g-lc place of (X,B+M) which is contained in Θ′. Thus
Θ′ = 0. Hence h is also a g-dlt modification of (X,B +M), that is
KX′ +B
′ +M ′ = h∗(KX +B +M).
In particular, h extracts all the g-lc places of (X,B +M) on W . Because
φ−1 : Y 99K X can only extract g-lc places of (X,B+M) (see Remark 2.10),
we see that these divisors are all on X ′.
Step 4. By Subsection 3.5, we can lift the sequence Xi 99K Xi+1/Zi to a
g-MMP/Z on KX′ +B
′+M ′ with scaling of Q′. Hence, each (X ′i, B
′
i+M
′
i)
is Q-factorial and g-dlt.
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Step 5. Possibly by replacing X ′ with X ′i for i≫ 1, we show that X ′, Y ′
are also isomorphic in codimension 1, and (Y ′/Z,B′+M ′) is a g-log minimal
model of (X/Z,B +M).
First, We show that Y ′ 99K X ′ does not contract any divisor. Suppose
that D ⊂ Y ′ is a prime divisor which is exceptional over X ′. If D is on Y ,
then a(D,X,B +M) = 0 as D is exceptional over X. Thus, by Step 3, D
is on X ′, a contradiction. If D is exceptional over Y , as (Y ′, BY ′ +MY ′) is
a g-dlt modification of (Y,BY +MY ), we have a(D,Y,BY +MY ) = 0. This
implies that a(D,X,B +M) = 0, and again we get a contradiction from
Step 3.
Next, We show that X ′ 99K Y ′ does not contract any divisor. Possibly
by replacing X ′ with X ′i for i ≫ 1, we may assume that the g-MMP/Z
on (KX′ + B
′ +M ′) with scaling of Q′ only consists of flips. By using the
same method as Step 2, it suffices to show that (Y ′/Z,BY ′ +MY ′) is a g-
log minimal model of (X/Z,B +M). Thus we only need to compare g-log
discrepancies. Suppose that D ⊂ X ′ is a prime divisor which is exceptional
over Y ′. Since X,Y are isomorphic in codimension 1, D is exceptional over
X. Hence a(D,X ′, B′+M ′) = a(D,X,B+M) = 0. If a(D,Y ′, BY ′+MY ′) =
0, then a(D,Y,BY +MY ) = 0. Thus the birational transform of D cannot
be a component of F +F ′ in (6), and it can not be contracted over Y ′. This
is a contradiction. Therefore, a(D,Y ′, BY ′ +MY ′) > 0, which implies that
(Y ′/Z,B′ +M ′) is a g-log minimal model of (X/Z,B +M).
Step 6. Let A ≥ 0 be a reduced divisor on W whose components are
general ample/Z divisors such that they generate N1(W/Z). Since X ′ is
obtained by running some g-MMP on KW +BW +MW +QW , this g-MMP
is also a partial g-MMP on KW +BW +MW +QW + ǫA for any 1≫ ǫ > 0.
In particular, (X ′/Z, (B′ + E′ + ǫA′) + (M ′ + P ′)) is g-dlt, where A′ is the
birational transform of A. For similar reasons, we can choose 1 ≫ ǫ, δ > 0,
so that (Y ′/Z, (BY ′ + δEY ′ + ǫAY ′) +MY ′ + δPY ′) is also g-dlt.
Now, by Proposition 4.2, the g-MMP/Z, X ′i 99K X
′
i+1, terminates. This
implies that the original g-MMP/Z, Xi 99K Xi+1, also terminates. This
finishes the proof. 
We introduce the notion of difficulty for g-pairs before proving the special
termination.
Definition 4.3 (Difficulty for g-pairs). Let (X,B + M) be a Q-factorial
g-dlt pair with data X˜
f−→ X → Z and M˜ . For R-divisors B, M˜ , assume
that B =
∑
bjBj is the prime decomposition of B, and M˜ =
∑
µiM˜i with
M˜i a nef/Z Cartier divisor for each i. Let b = {bj}, µ = {µi}. Recall that
S(b,µ) = {1− 1
m
+
∑
j
rjbj
m
+
∑
i
siµi
m
≤ 1 | m ∈ Z>0, rj , si ∈ Z≥0} ∪ {1}.
Let S be a g-lc center of (X,B +M), then
KS +BS +MS = (KX +B +M)|S
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is defined in Proposition 2.8. The difficulty of the g-pair (X,B + M) is
defined to be
db,µ(S,BS +MS)
=
∑
α∈S(b,µ)
#{E | a(E,BS +MS) < 1− α,CenterS(E) * ⌊BS⌋}
+
∑
α∈S(b,µ)
#{E | a(E,BS +MS) ≤ 1− α,CenterS(E) * ⌊BS⌋}.
Remark 4.4. Notice that db,µ(S,BS +MS) is slightly different from [11,
Definition 4.2.9] (cf. [15, 7.5.1 Definition]): in the second summand, we
also includes E whose g-log discrepancy equals 1 − α. By doing this, the
standard argument can be simplified (cf. [11, Proposition 4.2.14] and the
argument below). Just as for log pairs, db,µ(S,BS +MS) < +∞ (cf. [15,
4.12.2 Lemma]).
Theorem 4.5. Under the assumptions and notation of Definition 3.20. We
run a g-MMP/Z with scaling of Q on KX +B +M . Assume the existence
of g-log minimal models for pseudo-effective NQC g-lc pairs in dimensions
≤ dimX − 1. Suppose that νi > µ for µ = lim νi (in particular, the g-MMP
is an infinite sequence). Then, after finitely many steps, the flipping locus
is disjoint from the birational transform of ⌊B⌋.
Proof. We follow the proof of [11, Theorem 4.2.1].
Because the number of g-lc centers of a g-lc pair is finite, we may assume
that after finitely many steps, the flipping locus contains no g-lc centers.
Thus φi : Xi 99K Xi+1 induces an isomorphism of 0-dimensional g-lc centers
for every i.
We show that φi induces an isomorphism of every g-lc center by induction
on dimensions d of g-lc centers. Then the theorem follows from d = dimX−
1. Now, for each d ≤ k − 1, we assume that φi induces an isomorphism for
every d-dimensional g-lc centers.
Let S be a k-dimensional g-lc center of (X,B +M), and Si be the bi-
rational transform of S on Xi. By adjunction formula (Proposition 2.8),
(KXi + Bi +Mi)|Si = KSi + BSi +MSi , and the coefficients of BSi belong
to the set S(b,µ). By the induction hypothesis, after finitely many flips, φi
induces an isomorphism on ⌊BSi⌋, and thus CenterSi E ⊆ ⌊BSi⌋ if and only
if CenterSi+1 E ⊆ ⌊BSi+1⌋. By the negativity lemma, a(E,Si, BSi +MSi) ≤
a(E,Si+1, BSi+1 +MSi). Hence,
db,µ(Si, BSi +MSi) ≥ db,µ(Si+1, BSi+1 +MSi+1).
Moreover, if Si and Si+1 are not isomorphic in codimension 1, then the above
inequality is strict. In fact, if there exists a divisor E ⊂ Si which is not on
Si+1, then E is counted by the second summand in db,µ(Si, BSi + MSi),
while not counted in db,µ(Si+1, BSi+1 +MSi+1). Similarly for the case that
E is on Si+1 but not on Si. For i ≫ 1, we can assume that the difficulties
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are constant, and thus Si and Si+1 are isomorphic in codimension 1. This is
the advantage of introducing the above difficulty: in [11, Proposition 4.2.14],
the case that Si → Ti is a divisorial contraction but Si+1 → Ti is a small
contraction cannot be excluded by the difficulty therein.
Let T be the normalization of the image of S1 (hence the image of any
Si) in Z, and Ti be the normalization of the image of Si in Zi. In general,
Si 99K Si+1/Ti may not be a (KSi+BSi+MSi)-flip/T . However, we can use
the same argument as Subsection 3.5 to construct a sequence of g-MMP/T
with scaling of an NQC divisor over some g-dlt modifications, S′i 99K S
′
i+1.
For simplicity, we just sketch the argument below.
Because KX1 +B1 +M1 + ν1Q1 ≡ 0/Z1, we have
KS1 +BS1 +MS1 + ν1QS1 ≡ 0/T1,
where QS1 = Q1|S1 is defined inductively as follows (cf. (3)(4)). Suppose
that π : X˜1 → X1 is a model of X1 such that P1 = π∗P˜1 with P˜1 an NQC
divisor. Then we have π∗P1 = P˜1 + F with F ≥ 0. Notice that S1 is an
irreducible component of V1 ∩ · · · ∩ Vn−k, where Vi ⊂ ⌊Bi⌋ (see Proposition
2.8). We first define QV1 . Let π also denote the induced morphism V˜1 → V1.
Then π∗(P1|V1) = P˜1|V˜1 +F |V˜1 . Here P˜1|V˜1 is still an NQC divisor, and F |V˜1
is an effective divisor. Because ν1 > 0, no component of E1 is contained in
⌊B1⌋, and thus E1|V1 ≥ 0. Now set
EV1 = E1|V1 + π∗(F |V˜1) and PV1 = π∗(P˜1|V˜1),
and
QV1 := EV1 + PV1 = π∗(π
∗(E1|V1 + P1|V1) = Q1|V1 .
We can repeat the above process to define QS1 , PS1 . Notice that PS1 is a
pushforward of an NQC divisor.
Let KS′
1
+ BS′
1
+ MS′
1
= h∗i (KS1 + BS1 + MS1) be a Q-factorial g-dlt
modification of (S1, BS1 +MS1). By the same argument as Subsection 3.5,
we can run a g-MMP/T1 onKS′
1
+BS′
1
+MS′
1
with scaling ofQ′1. It terminates
with (S′2, BS′2 +MS′2) which is a g-dlt modification of (S2, BS2 +MS2). We
can continue this process on KS′
2
+BS′
2
+MS′
2
. This gives a sequence of g-
MMP/T with scaling of QS′
1
. If this sequence does not terminate. Then by
the assumption, there exists a g-log minimal model/T for KS′
1
+BS′
1
+MS′
1
+
µQS′
1
. By Theorem 4.1, the g-MMP terminates, and this is a contradiction.
Hence the g-MMP/T terminates, that is, (S′i, BS′i +MS′i) = (S
′
i+1, BS′i+1 +
MS′i+1) for i≫ 1. This implies that Si ≃ Si+1 by [11, Lemma 4.2.16]. 
5. Proofs of the main results
A birational NQC weak Zariski decomposition can be obtained from a
g-log minimal model.
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Proposition 5.1. Let (X/Z,B +M) be an NQC g-lc pair. Suppose that
(X/Z,B + M) has a g-log minimal model, then (X/Z,B + M) admits a
birational NQC weak Zariski decomposition.
Proof. Let (Y/Z,BY +MY ) be a g-log minimal model of (X/Z,B+M). By
Proposition 3.16, there exist Q-Cartier nef/Z divisors Mi, and µi ∈ R>0,
such that
KY +BY +MY =
∑
µiMi.
Let p : W → X, q :W → Y be a common resolution of X 99K Y , then
p∗(KX +B +M) = q
∗(KY +BY +MY ) + E
=
∑
µiq
∗(Mi) + E,
with E ≥ 0. This is a birational NQC weak Zariski decomposition of
(X/Z,B +M). 
This shows one direction of Theorem 1.5. For the other direction, we first
show the existence of g-log minimal models instead of g-log terminal models
(see Definition 2.9).
Definition 5.2 ([6] Definition 2.1). For a g-pair (X/Z,B+M) with bound-
ary part B and nef part M . Let f : W → X be a projective birational
morphism from a normal variety, and N be an effective R-divisor on W .
Let f∗N =
∑
i∈I aiNi be a prime decompostion. We define
θ(X/Z,B +M,N) := #{i ∈ I | Ni is not a component of ⌊B⌋}.
Definition 5.3. A g-pair (X/Z,B+M) is called log smooth if X is smooth,
with data X
id−→ X → Z and M (in particular, M is nef/Z), and
Supp(B)
⋃
Supp(M)
is a simple normal crossing divisor.
Theorem 5.4. Suppose that Conjecture 1.3 holds in dimensions ≤ d. Then
g-log minimal models exist for pseudo-effective NQC g-lc pairs of dimensions
≤ d.
Proof. Step 1. It is enough to show Theorem 5.4 in the log smooth case (cf.
[3, Remark 2.6] or [5, Remark 2.8]). In fact, let (X/Z,B +M) be an NQC
g-lc pair. Let π : (W/Z,BW +MW )→ X be a log resolution of (X,B+M),
where BW is defined as (2), and MW is an NQC divisor. Thus
KW +BW +MW = π
∗(KX +B +M) + F,
with F ≥ 0 an exceptional divisor. Let (Y/Z,BY +MY ) be a g-log mini-
mal model of (W/Z,BW +MW ) and D be a prime divisor on X which is
contracted over Y . Then,
a(D,X,B +M) = a(D,W,BW +MW ) < a(D,Y,BY +MY ).
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This implies that (Y/Z,BY +MY ) is also a g-log minimal model of (X/Z,B+
M) (see Definition 2.9).
Assume that π : W → X is a sufficiently high model such that π∗(KX +
B +M) = N + P/Z is an NQC weak Zariski decomposition, where P is an
NQC divisor and N is effective. Then
KW +BW +MW = π
∗(KX +B +M) + F = (N + F ) + P/Z.
This is an NQC weak Zariski decomposition/Z for KW +BW +MW . More-
over,
θ(X/Z,B +M,N) = θ(W/Z,BW +MW , N) = θ(W/Z,BW +MW , N + F ).
Thus we may assume that (X,B +M) is log smooth with M an NQC
divisor, and KX+B+M ≡ P+N/Z is an NQC weak Zariski decomposition.
Moreover, by induction on dimensions, we can assume that Theorem 5.4
holds in dimensions ≤ d− 1.
In the following, we prove Theorem 5.4 by induction on θ(X,B +M,N).
Step 2. When θ(X,B +M,N) = 0, we show Theorem 5.4.
By definition, θ(X,B +M,N) = 0 implies that Supp⌊B⌋ ⊃ SuppN . By
Lemma 3.5, for any β0 > 0, we can run a g-MMP/Z on (KX+B+M+β0P )
with scaling of an ample divisor. By proposition 3.18, for β0 ≫ 1, such
g-MMP/Z is P -trivial. Thus it is also a g-MMP/Z on (KX + B + M).
Moreover, by KX + B +M ≡ P + N/Z and P is nef/Z, the contracting
locus belongs to the birational transform of SuppN ⊂ SuppB. Because
M + β0P is NQC, the above g-MMP/Z terminates by Theorem 4.5. Let
(X1, B0+M1+βP1) be the corresponding g-log minimal model with KX1 +
B1 +M1 ≡ N1 + P1/Z. Moreover, P1 is nef/Z.
Next, we run a special kind of g-MMP/Z on (KX1+B1+M1) with scaling
of P1 as follows.
Suppose that we have constructed (Xi, Bi +Mi). Let
νi = inf{t ≥ 1 | KXi +Bi +Mi + tPi is nef /Z}.
(i) If νi = 0. Then (Xi, Bi +Mi) is a g-log minimal model, and we have
done.
(ii) If 0 < νi < νi−1 (we set ν0 = +∞). By Lemma 3.19, there exists an
extremal ray R such that (KXi + Bi +Mi) · R < 0 and (KXi + Bi +Mi +
νiPi) · R = 0. We contract R and get a divisorial contraction or a flipping
contraction. Let Xi 99K Xi+1 be the corresponding divisorial contraction or
flip.
(iii) If νi = νi−1 > 0. Choose βi < νi sufficiently close to νi (βi can
be determined from the discussion later), we run a g-MMP/Z with scaling
of an ample/Z divisor H on (KXi + Bi +Mi + βiPi). We claim that this
g-MMP/Z is also a g-MMP/Z with scaling of Pi, and it terminates. Let
(Xi+1, Bi+1 +Mi+1) be the resulting g-pair. In particular, νi+1 ≤ βi < νi.
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Proof of the Claim in (iii). Since for any νi > βi > 0, we have
νi
νi − βi (KXi +Bi +Mi + βiPi)
=(KXi +Bi +Mi) +
βi
νi − βi (KXi +Bi +Mi + νiPi).
(8)
If βi is sufficiently close to νi, then
βi
νi−βi
is sufficiently large. For a g-MMP/Z
with scaling of an ample/Z divisor on (KXi+Bi+Mi+βiPi), by (8), it is also
a g-MMP/Z on (KXi+Bi+Mi)+
βi
νi−βi
(KXi+Bi+Mi+νiPi). By Proposition
3.16, KXi+Bi+Mi+νiPi is an NQC divisor/Z. Hence by Proposition 3.18,
for a sufficiently large βiνi−βi , this g-MMP/Z is (KXi+Bi+Mi+νiPi)-trivial.
By βi < νi, it is also a g-MMP/Z on (KXi + Bi +Mi) with scaling of Pi.
In fact, if Y is an intermediate variety in this g-MMP/Z, for a contracting
curve Γ,
(KY +BY +MY + βiPY ) · Γ < 0 and (KXY +BY +MY + νiPY ) · Γ = 0,
thus (KXY +BY +MY ) · Γ < 0 and PY · Γ > 0.
Next, we show that the g-MMP/Z terminates. Because
KXi +Bi +Mi = Ni + Pi
=
1
1 + νi
(Ni + (1 + νi)Pi) +
νi
1 + νi
Ni
=
1
1 + νi
(KXi +Bi +Mi + νiPi) +
νi
1 + νi
Ni,
a flipping curve intersects the birational transform of Ni negatively. Thus
the flipping locus is contained in the birational transform of SuppNi ⊆
Supp⌊Bi⌋. Suppose that the g-MMP/Z does not terminate. Because the g-
MMP/Z is a scaling of an ample/Z divisor, the corresponding nef thresholds
ν ′j satisfies ν
′
j 6= lim ν ′j . Otherwise, µ′ = lim ν ′j > 0, then the g-MMP/Z can
be viewed as a g-MMP/Z on KXi+Bi+Mi+βiPi+µ
′H, then it terminates
by Lemma 3.5 and [8, Corollary 1.4.2]. However, by Theorem 4.5, the above
g-MMP/Z terminates. This is a contradiction. 
By applying (i)-(iii), we obtain a g-MMP/Z on KXi+Bi+Mi with scaling
of P1,
99K Xi = Y
1
i 99K · · · 99K Y k1i = Xi+1 99K .
Let ν˜j be the corresponding nef thresholds. Then either the g-MMP/Z
terminates or
lim ν˜j = lim νi > ν˜j.
Moreover, as K
Y ji
+B
Y ji
+M
Y ji
= N
Y ji
+P
Y ji
and P
Y ji
·Γ > 0 for a contracting
curve Γ, we have N
Y ji
· Γ < 0. Thus the flipping locus is contained in the
birational transform of SuppNi ⊆ Supp⌊Bi⌋. By Theorem 4.5 again, the
g-MMP/Z terminates. This finishes the proof of the θ(X,B +M,N) = 0
case.
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Step 3. Next we show the induction step. The argument is identical to
[6, Proof of Theorem 1.5], except that we deal with the g-pairs.
First, for a divisor D =
∑
i diDi, we write D
≤1 :=
∑
imin{di, 1}Di.
Suppose that Theorem 5.4 does not hold. We assume that θ(X,B+M,N) ≥
1 is the minimal number such that KX+B+M does not have a log minimal
model. By Step 1, we can assume that (X,B + M) is log smooth. By
θ(X,B +M,N) ≥ 1,
α := min{t > 0 | ⌊(B + tN)≤1⌋ 6= ⌊B⌋}
is a finite number. Let C be the divisor such that (B + αN)≤1 = B + C.
Thus SuppC ⊆ SuppN , and
(9) θ(X,B +M,N) = #{components of C}.
Let A ≥ 0 satisfy αN = C + A, then SuppA ⊆ Supp⌊B⌋, and A = (B +
αN)− (B + αN)≤1.
Because θ(X, (B + C) +M,N + C) < θ(X,B +M,N), by the induction
hypothesis, (X, (B+C)+M) has a log minimal model, (Y, (B+C)Y +MY ).
Notice that (X, (B +C) +M) is a g-lc pair with boundary part B +C and
nef part M . Let g : U → X,h : U → Y be a sufficiently high log resolution,
then
(10) g∗(KX + (B + C) +M) = h
∗(KY + (B + C)Y +MY ) +N
′,
with N ′ ≥ 0 and h-exceptional. Let
P ′ := h∗(KY + (B + C)Y +MY ),
then it is nef/Z and NQC by Proposition 3.16. Thus P ′ + N ′ is an NQC
weak Zariski decomposition/Z for g∗(KX + (B + C) +M). We have
g∗(N + C)−N ′ = h∗(KY + (B + C)Y +MY )− g∗P.
Since h∗(KY +(B+C)Y +MY )−g∗P is anti-nef/Y , by the negativity lemma,
N ′ ≤ g∗(N + C). As SuppC ⊆ SuppN , we have SuppN ′ ⊆ Supp g∗N .
By above, we have
(1 + α)g∗(KX +B +M) = g
∗(KX +B +M) + αg
∗P + αg∗N
= g∗(KX +B +M) + αg
∗P + g∗C + g∗A
= P ′ +N ′ + αg∗P + g∗A.
Thus,
g∗(KX +B +M) =
1
1 + α
(P ′ + αg∗P ) +
1
1 + α
(N ′ + g∗A).
Set
P ′′ :=
1
1 + α
(P ′ + αg∗P ) and N ′′ :=
1
1 + α
(N ′ + g∗A),
then
g∗(KX +B +M) = P
′′ +N ′′
is a birational NQC weak Zariski decomposition/Z for KX +B +M . Since
αN = C+A, we have SuppN ′′ ⊆ Supp g∗N , and thus Supp g∗N ′′ ⊆ SuppN .
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Because θ(X,B+M,N) is minimal, θ(X,B+M,N) = θ(X,B+M,g∗N
′′),
and every component of C is also a component of g∗N
′′ according to (9). Be-
cause A,C do not have common components, we have SuppC ⊆ Supp g∗N ′,
and thus C is exceptional over Y by (10). Hence by definition (B + C)Y =
BY , and P
′ = h∗(KY +BY +MY ). We will compare the g-log discrepancies
below.
Let G ≥ 0 be the largest divisor such that G ≤ g∗C and G ≤ N ′. Set
C˜ = g∗C −G, N˜ ′ = N ′ −G. By (10), we have
(11) g∗(KX +B +M) + C˜ = P
′ + N˜ ′.
(i) If C˜ is exceptional over X, then because g∗(KX+B+M)−P ′ = N˜ ′−C˜
is anti-nef over X, by the negativity lemma, N˜ ′−C˜ ≥ 0, which implies C˜ = 0
as C˜ and N˜ ′ have no common components. From (11),
g∗(KX +B +M) = P
′ + N˜ ′
is a birational NQC-weak Zariski decomposition/Z for KX +B+M . More-
over,
g∗(KX +B +M)− h∗(KY +BY +MY )
=
∑
D
(a(D;Y,BY +MY )− a(D;X,B +M))D
=N˜ ′,
where D runs over the prime divisors on U .
(ia) Suppose that Supp g∗N˜
′ = Supp g∗N
′. Then by (10), Supp N˜ ′ con-
tains the birational transform of all the prime exceptional/Y divisors on
X. Hence (Y,BY +MY ) is also a g-log minimal model of (X,B +M), a
contradiction.
(ib) Hence we can assume Supp g∗N˜
′ ( Supp g∗N ′. Thus,
Supp(g∗N
′ − g∗G) = Supp g∗N˜ ′ ( Supp g∗N ′ ⊆ SuppN.
Since G is the largest divisor such that G ≤ g∗C and G ≤ N ′, some compo-
nent of C is not a component of g∗N˜
′. By (9), we have
θ(X/Z,B +M, N˜ ′) < θ(X/Z,B +M,N),
which contradicts the minimality of θ(X/Z,B +M,N).
(ii) Hence C˜ is not exceptional over X. Let β > 0 be the smallest number
such that
A˜ := βg∗N − C˜ and g∗A˜ ≥ 0.
Then there exists a component D of g∗C˜ which is not a component of g∗A˜.
We have
(1 + β)g∗(KX +B +M) = g
∗(KX +B +M) + C˜ + A˜+ βg
∗P
= P ′ + βg∗P + N˜ ′ + A˜.
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By the negativity lemma, we have N˜ ′ + A˜ ≥ 0. Let
P ′′′ :=
1
1 + β
(P ′ + βg∗P ) and N ′′′ :=
1
1 + β
(N˜ ′ + A˜),
then
g∗(KX +B +M) = P
′′′ +N ′′′
is a birational NQC weak Zariski decomposition of KX + B + M . By
construction, D is a component of Supp g∗C˜ ⊆ SuppC ⊆ SuppN . Since
Supp C˜ ∩ Supp N˜ ′ = ∅, D is not a component of g∗N˜ ′. Thus, D is not a
component of
Supp(g∗N
′′′) = Supp(g∗N˜
′) ∪ Supp(g∗A˜).
Hence
θ(X,B +M,N) > θ(X,B +M,N ′′′),
which still contradicts the minimality of θ(X/Z,B +M,N). 
Proof of Theorem 1.7. Let νi be the nef threshold in the g-MMP/Z with
scaling of an ample/Z divisor A (see Definition 3.20). By Lemma 3.5, for
any ǫ > 0, there exists a klt pair (X,∆ǫ), such that ∆ǫ ∼R B +M + ǫA/Z.
If lim νi = µ > 0, then this g-MMP/Z is also a MMP/Z on KX + ∆µ ∼R
B+M+µA/Z. By [8, Corollary 1.4.2], it terminates. Hence we have µ = 0.
If this g-MMP/Z does not terminate, we have νi > µ = 0 for all i. By
Theorem 5.4, (X/Z,B +M) has a g-log minimal model (Y/Z,BY +MY ).
Hence the g-MMP terminates by Theorem 4.1. 
Proof of Theorem 1.5. The g-minimal model conjecture (Conjecture 1.2) im-
plies the birational weak Zariski decomposition conjecture (Conjecture 1.3)
by Proposition 5.1. For the other direction, Theorem 1.7 implies that any
g-MMP/Z with scaling of an ample divisor terminates. The resulting model
is a g-log terminal model as a g-MMP/Z does not extract divisors. 
Proof of Theorem 1.6. First, we show that (X/Z,B+M) has a g-log minimal
model (see Definition 2.9). By Step 1 of the proof of Theorem 5.4, we can
assume that (X/Z,B +M) is log smooth. By Lemma 3.18, there exists a
β ≫ 1, such that a g-MMP/Z with scaling of an ample divisor on (KX+B+
M+βM) isM -trivial. Thus, this g-MMP/Z is also a MMP/Z on the dlt pair
(KX +B). By assumption, it terminates with a model Y . Since (X/Z,B +
M) is pseudo-effective, X 99K Y/Z is birational and KY +BY + (β + 1)MY
is nef. By Lemma 3.19, we can run a g-MMP/Z on (KY + BY + MY )
with scaling of MY . This g-MMP is also a MMP/Z on (KY + BY ). By
assumption, it terminates with Y ′. Because the sequence X 99K Y 99K Y ′
is also a g-MMP/Z on KX + B +M , (Y
′/Z,BY ′ +MY ′) is a desired g-log
minimal model.
From a g-log minimal model to a g-log terminal model, we use the same
argument as Theorem 1.5. In fact, the existence of g-log minimal model im-
plies the existence of birational weak Zariski decomposition by Proposition
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5.1, then by Theorem 1.7, any g-MMP/Z with scaling of an ample divisor
terminates. The resulting model is a g-log terminal model. 
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